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Abstract With the development of software and hardware technology, neural networks have been widely applied to
the various walks of life, but they are also exposed with insufficient robustness during their applications. Therefore,
it is vital to use formal methods to check and ensure the security of neural networks. However, due to the facts such
as complex structure and nonlinear activation function of recurrent neural networks, the work on formal verification
of this kind of neural networks is very limited at present. Aiming at the problem that recurrent neural networks are
difficult to verify, this paper proposes VR-RRS, a formal Verification method for Recurrent neural networks based on
Robustness Radius Solution. First, based on the classical approximate solution framework of neural network verifi-
cation, the linear expressions of the upper and lower bounds of the approximate interval of neurons at each layer
about the input of the recurrent neural network are obtained through layer-by-layer backtracking iteration. On this
basis, the analytic solutions of the upper and lower bounds of the approximate interval of neurons at each layer about
the disturbance radius are derived using Holder inequality. Then, aiming at the problem that the accuracy of the clas-
sical approximate solving method is not high, by analyzing and optimizing approximation modes of the activation
function, a solving strategy based on multi-path backtracking is proposed. This strategy constructs different back-
tracking paths with the fine-grained approximation method. On this basis, the approximate intervals solved by these
backtracking paths are intersected to obtain a more accurate approximate interval. Finally, an improved dichotomy is
used to solve the robust radius, which mainly aims at the problem of insufficient precision in the classical dichotomy
and optimizes the standard to judge the robustness of neural networks. Through comparative experiments with exist-
ing methods on recurrent neural networks with different structures, this method shows obvious advantages in the
robustness radius obtained and the success rate of verification.
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Figure 1 A many-to-one recurrent neural network
with 2 layers
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Figure 5 Improved fine-grained approximation
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Figure 6 Approximation of the activation function used by the first 6 paths with n=7
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Table 1 Comparison of robust radius calculated by VR-RRS and POPQORN
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Table 3 Comparison of robust radius calculated by 7 single-path backtracking strategies and the multi-path back-
tracking strategy

P 0=0 0=0.1 0=0.2 0=03 0=04 0=0.5 o B3 Z e
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Table 4 Comparison of robust radius calculated by
the multi-path backtracking strategy with different
path number n
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